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E-mail address: bjorn.skallerud@ntnu.no (B. SkalleThis study focuses on the stress intensity factors for free edges in multi-layered structural components.
The effects of elastic constants of various material combinations on the weak singularity at free edges are
analyzed. Using the H-integral approach, the effects of elastic mismatch parameters, the bond area and
the thickness of the thin metal layer on the stress intensity factor are quantiﬁed and the results are com-
pared with detailed ﬁnite element solutions. A good agreement between numerical predictions obtained
from the H-integral and the detailed FE results is achieved, showing the applicability of this approach.
Similar to a crack problem, the singular elastic ﬁeld dominates in an annular region adjacent to the notch
tip. The relationship between the valid range of the K-dominated ﬁeld and the thin-ﬁlm thickness is then
demonstrated. Furthermore, the competition of crack initiation between the free edge interface (180
opening angle) and a 90 notch interface in a generic specimen is investigated, in order to ﬁnd out which
is the prevailing failure mode. Comparison between isotropic Si and anisotropic Si substrate is also illus-
trated. Anisotropy of the Si substrate has a signiﬁcant inﬂuence on the stress intensity factor when com-
bined with an Au or Al metal layer but not with a Cu layer. Additionally, standardized numerical formulae
of the dimensionless stress intensity factor have been derived to guide the engineering application.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Multi-layered thin ﬁlms on silicon substrates are often used in
micro-electro-mechanical systems (MEMS) because they provide
certain advantages over mechanical connectors. By virtue of elastic
mismatch and/or notch angle, stress concentrations may develop at
the notch corner (Fig. 1) and a weak singularity (k > 0.9) may exist
at free edges (Fig. 2).Weak singularities can causemalfunctions and
result in mechanical failures. An interface edge and a notch are crit-
ical positions for crack initiation. Subjected to the remote mechan-
ical loading, the interface stress ﬁeld around the notch corner is
proportional to Knmr
km1ðm ¼ 1;2; . . .NÞ where N is the number of
eigenvalues available from the characteristic equation. Superscript
n indicates the notch for the sake of distinction from the stress
intensity factor Km in classical fracture mechanics, r is the radial
distance from the notch corner and km  1 is the order of the stress
singularity. The stress ﬁeld is singular for 0 < ReðkmÞ < 1 where
ReðkmÞ is the real part of km. Here Knm is the intensity of notch stress
ﬁeld with respect to eigenvalue km. The dependence of the order of
notch stress singularity on the material properties and on the notch
geometry is well understood (e.g., Williams, 1952; Carpenter,
1984a,b; Hutchinson and Suo, 1992; Chen and Nisitani, 1993; Yangll rights reserved.
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rud).and Munz, 1997; Labossiere and Dunn, 1999; Paggi and Carpinteri,
2008). The magnitude of critical Knm depends not only on joint
geometry, material properties and applied load, but also on failure
mode, residual stress, mode mixity and loading alignment, see
Shang et al. (2008). The knowledge of both Knm and km is needed
to fully describe the stress and displacement ﬁelds near the inter-
face corner. Therefore, the motivation for our work is to properly
characterize the singular stresses and associated displacements so
that joint geometries and material combinations can be appropri-
ately chosen to minimize risk of failure. In addition, if more than
one critical position exists to render failure in a structure, for in-
stance, interface X and interface Y shown in Fig. 3, the evaluation
of interface strength becomes an important issue. As far as we
know, very few studies have concerned the competition between
different notches in MEMS components. Carpinteri and Paggi
(2007) discussed the competition between different failure modes
for the problem of crack propagation from the fracture mecha-
nism’s point of view. In comparison, we herein focus on various
notch angles and from themechanical perspective address the com-
petition between different crack initiation sites to ﬁnd out which is
the prevailing failure mode in multi-layered structures. In addition,
one dielectric layer SiO2 (Fig. 3) often is grown or deposited on the
silicon substrate during the bonding process. However, Kitamura
et al. (2007) reported that the effect of this thin interlayer on the
stress distributions along the interface is negligible. Hence, in the
current study we omit this layer.
θMaterial B 
Material A 
1x
2x
α
β
γ
r 
4 ( )C Γ
2 ( )C Cε
1C
3C
ε
jn
Fig. 1. Schematic plot of a closed integration contour around a general corner in
dissimilar materials where C ¼ C1 þ C2 þ C3 þ C4;C2 ¼ Ce; C4 ¼ CC .
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Fig. 2. Schematic plot of an edge-bonded interface in a bi-material system.
Fig. 3. Schematic plot of the generic s
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cussed in many studies (e.g., Stern et al., 1976; Sinclair, 1985; Car-
penter and Byers, 1987; Munz and Yang, 1993; Carpenter, 1995;
Yang and Munz, 1997; Labossiere and Dunn, 1998; Dunn et al.,
2000; Reedy and Guess, 2002; Qian, 2001; Wang et al., 2002).
Mainly two different failure criteria have been proposed to predict
the failure initiation at sharp notches (Fig. 1) or wedge corners
(e.g., Luo and Subbarayan, 2007). One is based on the assumption
of ‘‘small scale yielding” near the corner. The failure occurs when
the dominating stress intensity factor reaches a critical value
(e.g., Hutchinson, 1990; Reedy and Guess, 1993; Yin, 1999). Alter-
natively, failure occurs when the function of comparable stress
intensity factors, for example in the K I  K II space in case of
mixed-mode deformation, reaches a critical value (e.g., Labossiere
et al., 2002). In the other approach, failure starts at the notch cor-
ner when the strain energy density at a point ahead of the notch
reaches a critical value (e.g., Sih and Ho, 1991). Our paper ad-
dresses methods for crack initiation analysis at free edges and
the stress intensity factor-based approach will be employed. A con-
venient computational procedure using the path independent
H-integral approach is utilized. With this, the stress intensity factor
for a general notch problem is obtained. The H-integral approach
for cracked isotropic solids, pioneered by Stern et al. (e.g., Stern
et al., 1976; Stern and Soni, 1975, 1976; Hong and Stern, 1978;
Stern, 1979) and Snyder and Cruse (1975), was extended by
Carpenter (1984a), Sinclair et al. (1984, 1985) and Babuska and
Miller (1984) to notched solids in isotropic media where both
mode I and mode II loading were taken into account. This was fur-
ther extended to an isotropic bimaterial notched body by Carpen-
ter and Byers (1987) and Banks-Sills (1997), and applied by
Labossiere and Dunn (1999) to a general sharp notch with aniso-
tropic materials. The effect of higher order terms ðkm > 1Þ on the
stress state near the interface corner of a bi-material joint is dem-
onstrated by Qian and Akisanya (1999). For the last decades, there
has been much development of special hybrid and displacement-
based ﬁnite elements in order to improve the accuracy of the solu-pecimen and loading conditions.
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methods in that a path independent contour integral combining ﬁ-
nite element results with an asymptotic analysis is evaluated. With
this, no special elements are required, relatively coarse ﬁnite ele-
ment meshes can be used and complicated loading and boundary
condition can be easily handled, thus avoiding time-consuming
mesh reﬁnement near the singularity.
This paper is organized as follows. First, the theoretical free
edge singularity is calculated for a bi-material system and the ac-
tual stress ﬁelds in the multi-layer system are then analyzed by de-
tailed ﬁnite element simulations. Second, some standardized
numerical formulae are provided, that are useful for engineering
applications. Furthermore, using the H-integral approach, the ef-
fects of the elastic mismatch parameters, the bond area and the
thickness of the thin metal layer on the stress intensity factor are
investigated and quantiﬁed. Fourth, the competition of crack initi-
ation between a free edge interface (180 opening angle) and a 90
notch interface in a generic MEMS specimen (Fig. 3) is discussed.
Finally, numerical predictions obtained from the H-integral
approach are shown to be in agreement with the detailed ﬁnite ele-
ment solutions, demonstrating that the former is applicable for
multi-layered structures with weak singularities. The relationship
between the K-dominated ﬁeld and the thin-ﬁlm thickness is
provided.
2. Asymptotic analysis
In order to obtain the order of stress singularity, which depends
both on the notch angle and on the elastic parameters, a prelimin-
ary asymptotic analysis of the stress ﬁeld has to be carried out ﬁrst.
Asymptotic analysis of the singular stress ﬁeld at the vertex of re-
entrant corners involves two eigenvalue problems. One is material
related and the other is geometry related. The theory is brieﬂy
summarized in this section.
It is well known from Williams (1952) that the eigen-equation
in a notched/cracked body for an isotropic material (i.e. a = b in
Fig. 1) can be represented by Eq. (1) where plus sign and minus
sign are associated with the opening mode and sliding mode,
respectively
k sinð2p cÞ  sinðkð2p cÞÞ ¼ 0 ð1Þ
The stress singularity depends only on the notch angle c regardless
of material. For a crack, a ¼ b ¼ p, Eq. (1) simpliﬁes to sin 2pkI ¼
sin 2pkII ¼ 0 and the stress singularity is 1/2; for an edge,
a = b = 90, the stress singularity disappears. Furthermore, the char-
acteristic equation of the stress singularity for a general re-entrant
corner with two arbitrarily oriented traction free surfaces at h = a
and h ¼ b is expressed by Carpenter (1984a)
det
cosð2kbÞ  cosð2kaÞ  sinð2kbÞ  sinð2kaÞ
þk cosð2bÞ  k cosð2aÞ þk sinð2bÞ þ k sinð2aÞ
   
sinð2kbÞ þ sinð2kaÞ cosð2kbÞ  cosð2kaÞ
þk sin 2bð Þ þ k sinð2aÞ k cos 2bð Þ þ k cosð2aÞ


¼ 0 ð2Þ
The general conﬁguration for a notch/wedge/crack geometry in
dissimilar anisotropic materials is addressed here, see Fig. 1. Such
a situation usually results in mixed-mode deformations and the
stress ﬁelds are no longer symmetric and/or anti-symmetric.
In general, the stresses and displacements in the vicinity of the
interface corner are obtained using complex variable methods or
the Airy’s stress function approach. Using either of these methods,
it can be shown that the asymptotic ﬁelds near the interface corner
can be expressed asrMij ¼
XN
m¼1
Knmr
km1f mMij ðh; kmÞ þ rMij0ðhÞ
uMi ¼
XN
m¼1
Knmr
kmgmMi ðh; kmÞ þ uMi0ðhÞ
ð3Þ
where kmðm ¼ 1;2; . . .NÞ are the eigenvalues of the problem. Super-
script M indicates material A or B which is elastic, homogeneous,
isotropic or anisotropic. rMij0ðhÞ is the constant stress ﬁeld
ðReðkmÞ ¼ 1Þ independent of the radial distance from the notch cor-
ner and uMi0ðhÞ is the associated displacement ﬁeld near the interface
corner. These terms can be determined analytically and are ﬁnite
for thermal loading and/or surface tractions on the notch ﬂanks
but vanish for remote mechanical loading. The remaining stress
term is comprised of several stress ﬁelds of the form Knmr
km1. When
two or more stress ﬁelds of the form Knmr
km1 exist near the notch
corner, one pair of Knm and km  1 describes one stress ﬁeld, and
the total stresses are determined by superposing contributions from
all stress ﬁelds. There are an inﬁnite number of values km which sat-
isfy the eigenvalue equations. Both the stress intensity factor and
the stress singularity may be real positive, real negative or complex,
but in most circumstances, they are real constants (e.g. Qian and
Akisanya, 1999; Banks-Sills and Sherer, 2002). Although not explic-
itly shown in Eq. (3), there are certain special combinations of elas-
tic properties and notch angles that can also generate logarithmic
singularities (e.g. Bogy, 1971; Dempsey and Sinclair, 1979, 1981;
Dempsey, 1995; Chen, 1996; Sinclair, 1999). In this study, the
power-logarithmic singularity is not considered. Moreover, only po-
sitive km are admissible in order to ensure ﬁnite displacements at
the notch tip. f mMij ðh; kmÞ is a function describing the angular proﬁle
of the stress ﬁeld in conjunction with material elastic properties
and the opening angle. Note that f mMij ðh; kmÞ is non-dimensional
but gmMi ðh; kmÞ has the unit of (length)2(force)1. They are deter-
mined analytically while the eigenvalues kmðm ¼ 1;2; . . . ;NÞ for a
given notch geometry are obtained by solving a characteristic equa-
tion. The closed-form expression for these functions will be brieﬂy
described below. More details can be found in references such as
Stroh (1958); Ting (1996); Labossiere and Dunn (1999); Shang
et al. (2008).
Consider a linear elastic body with a re-entrant corner subjected
to remote in-plane mechanical loading, see Fig. 1. Without loss of
generality, we focus on two singular terms, i.e. 0 < k1 6 k2 < 1, con-
sidering the higher order terms ðkm > 1Þ to be insigniﬁcant. The
singular stress and displacement ﬁeld around the notch tip can
be reduced as follows:
rMij ðr; hÞ ¼ Kn1rk11f 1Mij ðh; k1Þ þ Kn2rk21f 2Mij ðh; k2Þ
uMi ðr; hÞ ¼ Kn1rk1g1Mi ðh; k1Þ þ Kn2rk2g2Mi ðh; k2Þ
ð4Þ
r and h are the polar coordinates with an origin at the notch tip. For
the homogeneous isotropic case, k1 = k2 = 1/2, corresponding to the
deﬁnition by Williams (1952) and Hong and Stern (1978).
The ﬁrst eigenvalue problem proceeds as follows. Employing
Stroh’s sextic formalism (e.g. Stroh, 1958; Ting, 1996), the displace-
ments u and stress function / in the material M(M = A,B) around
the interface corner can be expressed by
u ¼
X3
a¼1
½aafaðzaÞ þ aafaþ3ðzaÞ ð5Þ
/ ¼
X3
a¼1
½bafaðzaÞ þ bafaþ3ðzaÞ ð6Þ
fa are arbitrary functions of the arguments za, where za ¼ x1 þ pax2
is the complex variable. fa depend on the geometry, radial distance
from the interface corner and material elastic parameters. The six
complex eigenvalues pa satisfy paþ3 ¼ pa and are the solutions of
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Stroh eigenvectors, satisfy aaþ3 ¼ aa and baþ3 ¼ ba, related through
the matrices Q, R and T described in the following. pa, aa and ba de-
pend only on the elastic stiffnesses Cijkl. Without loss of generality,
the imaginary part of pa is taken to be positive. Overbars of
pa; za;a;b denote the complex conjugates.
Using the stress–strain law rij ¼ Cijkluk;l and the static equilib-
rium equations Cijkluk;lj ¼ 0 with Eq. (5), the resulting eigenvalue
equations can be written in matrix form as:
fQ þ pðR þ RTÞ þ p2Tga ¼ 0 ð7Þ
where Qik ¼ Ci1k1, Rik ¼ Ci1k2 and Tik ¼ Ci2k2. For a non-trivial solu-
tion of a, the characteristic equation must be zero, i.e.
det jQ þ pðR þ RTÞ þ p2Tj ¼ 0, which results in six roots for the
eigenvalue p. In matrix form and with Voigt’s notation, we have
Q ¼
C11 C16 C15
C16 C66 C56
C15 C56 C55
2
64
3
75; T ¼
C66 C26 C46
C26 C22 C24
C46 C24 C44
2
64
3
75
and R ¼
C16 C12 C14
C66 C26 C46
C56 C25 C45
2
64
3
75 ð8Þ
In the special case of isotropic elasticity
Q ¼
vþ 2l 0 0
0 l 0
0 0 l
2
64
3
75; T¼
l 0 0
0 vþ 2l 0
0 0 l
2
64
3
75; R ¼
0 v 0
l 0 0
0 0 0
2
64
3
75
ð9Þ
where the Lamé constants are expressed by v ¼ Emð1þmÞð12mÞ and
l ¼ E2ð1þmÞ with E being Young’s modulus and m being Poisson’s ratio
for material A or B. Making use of the constitutive equation and Eq.
(6), the relation between a and b can be written:
b ¼ ðRT þ pTÞa ¼ 1
p
ðQ þ pRÞa ð10Þ
With this, the above quadratic eigenvalue problem can be recast as
a conventional six-dimensional linear eigenvalue problem
N1 N2
N3 N
T
1
 
a
b
 
¼ p a
b
 
) Ng ¼ pg; g ¼ a
b
  ð11Þ
where N1 ¼ T1RT, N2 ¼ T1 and N3 ¼ Q þ RT1RT. Eshelby et al.
(1953) stated that since p cannot be real if the strain energy is to be
positive, we have three pairs of complex conjugates for p as well as
for g. If pa and gaða ¼ 1;2; . . . ;6Þ are the eigenvalues and eigenvec-
tors, we let
paþ3 ¼ pa; Im pa > 0
gaþ3 ¼ ga

a ¼ 1;2;3 ð12Þ
where Im denotes the imaginary part.
The Stroh eigenvectors are determined up to an arbitrary con-
stant. They are normalized as
aa ¼ a^aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2a^Tab^a
q and ba ¼ b^aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2a^Tab^a
q ; a ¼ 1;2;3 ð13Þ
where a^a and b^a are the non-normalized eigenvectors, i.e. those that
would be produced by a standard eigensolver; aa and ba represent
the direction of the displacement ua and traction ta, respectively.
Now we turn to the second eigenvalue problem, i.e. ﬁnding the
stress singularity governed by km. As suggested by Ting (1996,
1997); Labossiere and Dunn (1999), we choose f ðzaÞ asfaðzaÞ ¼ 1k z
k
aqa and f aþ3ðzaÞ ¼
1
k
zkaha ð14Þ
where qa and ha are the unknown complex constants and will be
determined by Eq. (19) once k is obtained. Using the expression
za ¼ x1 þ pax2 ¼ rnaðhÞ ¼ rðcos hþ pa sin hÞ, the displacements and
tractions in a plane polar coordinate system originated at the notch
tip are derived
uM ¼ 1
k
rk
X3
a¼1
½nMa ðhÞkaaqa þ nMa ðhÞkaaha
tM ¼ k
r
u ¼ rk1
X3
a¼1
½nMa ðhÞkbaqa þ nMa ðhÞkbaha
ð15Þ
where superscript M indicates material A or B. The second eigen-
value problem can be solved using the boundary conditions for
the interface notch problem, see Fig. 1.
The traction-free boundary conditions on the notch ﬂanks
ðh ¼ a; h ¼ bÞ and the continuity conditions of the stresses and
displacements along the interface (h = 0) result in the following
boundary condition equations
tAðaÞ ¼ 0; tBðbÞ ¼ 0; tAð0Þ ¼ tBð0Þ; uAð0Þ ¼ uBð0Þ ð16Þ
Substituting Eq. (15) into Eq. (16), a group of 12 linear equations in
the 12 unknown coefﬁcients qMa ;h
M
a ðM ¼ A;B;a ¼ 1;2;3Þ is deduced.X3
a¼1
nAaðaÞkbAaqAa þ
X3
a¼1
nAaðaÞkbAahAa ¼ 0
X3
a¼1
nBaðbÞkbBaqBa þ
X3
a¼1
nBaðbÞkbBahBa ¼ 0
X3
a¼1
nAað0ÞkbAaqAa þ
X3
a¼1
nAað0ÞkbAahAa 
X3
a¼1
nBað0ÞkbBaqBa 
X3
a¼1
nBað0ÞkbBahBa ¼ 0
X3
a¼1
nAað0ÞkaAaqAa þ
X3
a¼1
nAað0ÞkaAahAa 
X3
a¼1
nBað0ÞkaBaqBa 
X3
a¼1
nBað0ÞkaBahBa ¼ 0
ð17Þ
Using Eq. (17)1 and (17)2, we express h
A in terms of qA and qB in
terms of hB, respectively. A non-trivial solution exists only if the
determinant of the coefﬁcient matrix vanishes. This occurs when
the eigenvalue, k, satisﬁes the following equation which is depen-
dent on the stiffness matrix, Cijkl:
bAðBAÞ1  bAðBAÞ1 ðbBðBBÞ1  bBðBBÞ1Þ
aAðBAÞ1  aAðBAÞ1 ðaBðBBÞ1  aBðBBÞ1Þ
" #
BAqA
BBhB
( )
¼ 0
ð18Þ
which results in six simultaneous eigenvalue equations with six un-
knowns qAa; h
B
aða ¼ 1;2;3Þ
KðkÞDðkÞ ¼ 0; detKðkÞ ¼ 0 ð19Þ
In the above equations, BB ¼ ½ nB1ðbÞkbB1 ; nB2ðbÞkbB2 ; nB3ðbÞkbB3 ,
D ¼ ½BAqA BBhB T, aM ¼ ½ aM1 ;aM2 ;aM3 , bM ¼ ½bM1 ;bM2 ;bM3 ,
qM ¼ ½ qM1 ; qM2 ; qM3 T, hM ¼ ½hM1 ;hM2 ;hM3 
T ðM ¼ A;BÞ
Eventually, in the particular case of a crack (c = 0) with an iso-
tropic or anisotropic uni-material, the well-known result, k = 1/2 is
obtained. In the case of an edge notch (c = 180, a = 90) with a
homogeneous isotropic or anisotropic material, we obtain k = 1
and the stress singularity disappears. Once the value of k has been
computed from the characteristic Eq. (19), the eigenvectors qM;hM
can be calculated.
3. Computation of stress intensity factors by the H-integral
approach
To complete the knowledge of the stress and displacement
ﬁelds in the neighbourhood of a notch tip, the stress intensity
1138 L.Y. Shang et al. / International Journal of Solids and Structures 46 (2009) 1134–1148factors are required. Once the order of the stress singularity is ob-
tained from the asymptotic analysis above, the stress intensity fac-
tor for a sharp notch, wedge corner or a crack can be computed
using the path independent H-integral approach (e.g. Shang
et al., 2008; Labossiere and Dunn, 1999). Based on Betti’s reciprocal
work theorem (Rogers and Causey, 1962), the concept of this con-
tour integral method is to combine the numerical stress and dis-
placement solutions with an appropriate complementary ﬁeld so
that the value of the integral gives the magnitude of the notch
stress intensity. This simple procedure comes with signiﬁcant sav-
ings in computational time compared to the other approaches and
also with the possibility to easily perform parametric analyses.
Consider for example a closed contour C excluding the stress sin-
gularity in a planar linear elastic body, as shown in Fig. 1. The Betti’s
reciprocal law in the absence of any body force can be stated asI
C
ðrijui  rijuiÞnjds ¼ 0 where C ¼ C1 þ C2 þ C3 þ C4 ð20Þ
and where ði; jÞ ¼ ðr; hÞ are the plane polar coordinates centered at
the interface corner, nj is the outward unit normal to the counter-
clockwise closed contour C, ds is an inﬁnitesimal line segment of
C. rij, ui are the notch corner stress and displacement ﬁelds in terms
of eigenvalue kmðkm–1Þ and stress intensity factor Knm, rij, ui are
complementary singular stresses and displacements satisfying the
same boundary conditions as ðrij;uiÞ but with respect to an associ-
ated eigenvalue km and stress intensity factor K
n
m . Note that the em-
ployed complementary ﬁeld has no physical signiﬁcance here.
Szabó and Babuska (1988) and Wu and Chang (1993) showed
that if km is an eigenvalue for the given material properties and
notch geometry, km ¼ km is also the eigenvalue for the same prob-
lem. Hence, the near-tip stress and displacement ﬁelds corre-
sponding to the eigenvalue km can be taken as the
complementary ﬁelds. According to Eq. (4), they are described by
rMij ðr; hÞ ¼ Kn1 rk11f 1Mij ðh;k1Þ þ Kn2 rk21f 2Mij ðh;k2Þ
uMi ðr; hÞ ¼ Kn1 rk1g1Mi ðh;k1Þ þ Kn2 rk2g2Mi ðh;k2Þ
ð21Þ
Since the integration in (20) vanishes along the traction free sur-
faces C1 and C3. i.e. rijnj ¼ rijnj ¼ 0, see Fig. 1, it reduces to

Z
C2
ðrijui  rijuiÞnjds ¼
Z
C4
ðrijui  rijuiÞnjds ð22Þ
On the left-hand side of Eq. (22), the contour integral is simpliﬁed to
either one coefﬁcient proportional to the stress intensity factor or a
linear combination of Kn1 and K
n
2 for an arbitrarily small radius e (e.g.
Stern et al., 1976)
Ie ¼ 
Z
C2
ðrijui  rijuiÞnjds ¼ e1Kn1 þ e2Kn2 ð23Þ
where e1, e2 are constants. The unstarred stresses and displace-
ments along C2 were taken from the asymptotic analysis, Eq. (4),
while the starred stresses and displacements were employed from
the complementary singular ﬁeld, Eq. (21).
Accordingly, only the outer contour C4 is involved in the numer-
ical integration for determining the desired stress intensity factors.
The H-integral is deﬁned as
H ¼
Z
C4
ðrijui  rijuiÞnjds ¼
Z
C
ðrijui  rijuiÞnjds ð24Þ
and in polar coordinates, the above equation becomes
H ¼
Z a
b
ðrrrur þ rrhuh  rrrur  rrhuhÞrdh ð25Þ
In Eq. (24), C can be any contour within the planar linear elastic
body commencing on the lower notch ﬂank and terminating on
the upper. The unstarred ﬁelds ðrij; uiÞ are obtained from the ﬁniteelement calculations while the starred ﬁelds ðrij;ui Þ are taken from
the complementary singular ﬁeld satisfying the same boundary
conditions as those for ðrij;uiÞ.
For a general corner (Fig. 1), we can deﬁne the respective stress
intensity factors by
Kn1 ¼ lim
h¼0;r!0
rhhðr; hÞ
rk11
; Kn2 ¼ lim
h¼0;r!0
srhðr; hÞ
rk21
ð26Þ
where rhh, srh are the normal and shear component in the h direc-
tion of the stress ﬁeld, respectively. k1; k2 are the eigenvalues stem-
ming from the corresponding eigen-equation (19).
The different stress intensity factors Kn1 and K
n
2 corresponding to
the individual eigenvalues k1 and k2 can be evaluated simulta-
neously (e.g. Carpenter and Byers, 1987). Alternatively, it can be
attained independently as described here. Since the eigenvectors
qM ;hM in Eq. (18) for each eigenvalue are determined only up to
an arbitrary constant, we normalize the stress ﬁelds such that
rhhðr; h ¼ 0Þ ¼ Kn1rk11; srhðr; h ¼ 0Þ ¼ Kn2rk21. Similarly, for the com-
plementary ﬁeld: rhhðr; h ¼ 0Þ ¼ Kn1 rk11, srhðr; h ¼ 0Þ ¼ Kn2 rk21.
Note that the complementary ﬁeld must satisfy the equilibrium
equations and traction-free conditions on the notch ﬂanks so that
the integral along the inner contour Ce yields the desired stress
intensity factor. Moreover, the complementary solution is chosen
with eigenvalue km ¼ km to eliminate the dependence of the inte-
grand on the r-coordinate. With all these conditions, the magni-
tudes of Knm ðm ¼ 1;2Þ are determined so that the resulting inner
contour integral identically produces Kn, either Kn1ðe1 ¼ 1; e2 ¼ 0Þ
or Kn2ðe1 ¼ 0; e2 ¼ 1Þ. The choice of Knm ðm ¼ 1;2Þ is also described
by Banks-Sills and Sherer (2002) and Zhang and Mikkola (1992).
4. Results and discussion
In this section, we apply the path independent H-integral ap-
proach to an edge notch and a 90 notch in multi-layered struc-
tures as depicted in Fig. 4. Finite element analyses are performed
with ABAQUS. Eight-noded quadrilateral, reduced integration ele-
ments were used. Plane strain conditions are assumed in all simu-
lations and three dimensional effects are not considered. We also
assume that the materials are perfectly bonded along the interface.
The loading system proposed by Kitamura et al. (2002, 2003 and
2007) has been chosen for the study. Typical material combina-
tions in microelectronic devices are taken into consideration. The
elastic properties of the materials are listed in Table 1. Beam span
L, height h and width of silicon substrate w are 10, 1 and 3.4 mm,
respectively. A 350 lm thick [100] silicon substrate and 8 lm
thick adhesive layer is employed for all specimens.
4.1. Order of singularity results
The eigenvalues describing the order of the stress singularity for
different material combinations are listed in Table 2. These can be
obtained analytically from Eq. (19). It can be seen that the orders of
the stress singularities at Interface X vary from 0.07 to 0. Hence,
Interface X displays a typical weak singularity problem. Combined
with commonly used metal layer, the isotropic silicon has slightly
higher singularity compared to the anisotropic silicon. For the
cases such as Si/Cu, Ta/Si and TiN/Si, k is almost equal to 1, i.e., van-
ishing singularity. Additionally, for all the material combinations
studied here, Au and Al have stronger singularities than the rest.
Interface Y shows a higher singularity than Interface X.
4.2. The inﬂuence of elastic properties of bi-materials on the stress
singularity
Various researchers have studied material mismatch parame-
ters and the stress singularities at interface corners/wedges/cracks
Table 1
Elastic properties used in ﬁnite element analysis.
Isotropic materials
Materials elasticity Au Cu Al Si Steel Epoxy
Young’s modulus (GPa) 83 129 70 167 200 2.50
Poisson’s ratio 0.44 0.34 0.35 0.30 0.30 0.30
Materials elasticity SiO2 Ta TiN TaN Glass SiN
Young’s modulus (GPa) 92 186 195 350 63 304
Poisson’s ratio 0.30 0.34 0.3 0.35 0.20 0.27
Anisotropic silicon [100]
Elastic stiffness matrix S ¼
S11 S12 S12 0 0 0
S12 S11 S12 0 0 0
S12 S12 S11 0 0 0
0 0 0 S44 0 0
0 0 0 0 S44 0
0 0 0 0 0 S44
2
6666664
3
7777775
GPa
Where S11 ¼ 165:7 GPa; S12 ¼ 63:9 GPa; S44 ¼ 79:56 GPa (Mason, 1958)
Fig. 4. Finite element mesh and dimensions.
Table 2
The eigenvalues describing the order of stress singularity with the varying material
properties and the corner geometry.
Material A Material B k1 Material A Material B k1
Interface X
(free edge)
Au Isotropic
silicon
0.9332 Au Anisotropic
silicon
0.9522
Al 0.9304 Al 0.9481
Cu 0.9912 Cu 0.9967
Glass 0.9710 Glass 0.9825
SiO2 0.9718 SiO2 0.983
Ta 1 Ta 0.9981
TiN 0.9979 TiN 0.9946
SiN 0.9689 SiN 0.9624
TaN 0.9637 TaN 0.9556
Interface Y
(90 notch)
Steel Epoxy 0.7049
L.Y. Shang et al. / International Journal of Solids and Structures 46 (2009) 1134–1148 1139since the pioneering work described by Williams (1952, 1959). By
contrast, our study focuses on the evaluation of the weak singular-
ity for a free edge interface (Fig. 2). A wide range of elastic moduli
and Poisson’s ratios has been taken into account, covering most
material combinations of interest in the electronic industry. The
inﬂuence of elastic constants in various material combinations on
the free edge singularity is displayed in the following.First, the orders of stress singularities are illustrated for the free
edge with conventional metal material, i.e., Au, Al, Cu as upper
material A together with a wide range of values for EBEA. Varying EB,
it can be observed from Fig. 5 that the stress singularity decreases
ﬁrst with modulus ratio EBEA and then increases with
EB
EA
when the
material A is more compliant than the substrate material B. Note
that if both EBEA ¼ 1 and the Poisson’s ratio mA ¼ mB are met, the stress
singularity 1-k is zero in just one point on the abscissa, which is
equivalent to the case for edge-bonded homogeneous isotropic
material. The reason why we get a region of vanishing singularity
instead of one point, see Fig. 5, is due to the different value of Pois-
son’s ratio for material A and B here. Moreover, the effect of Pois-
son’s ratio on stress singularity is further depicted in Fig. 6. The
more the Poisson’s ratio of material A deviates from 0.3, the wider
is the range of the no-singularity zone (kP 1). For example, no
stress singularity occurs when the Poisson’s ratio of material A
equals 0.45 and its Young’s modulus ranges from 140 to 230 GPa.
Similarly, the singularity vanishes when the Poisson’s ratio of
material A equals 0.2 and its Young’s modulus varies from 90 to
160 GPa. When the Poisson’s ratio of material A equals 0.3, the
range of its Young’s modulus to reach no-singularity shrinks to
around 150 GPa.
0 1 2 3 4 5 6
-0.05
0
0.05
0.1
0.15
0.2
0.25
0.3
EB/EA
1-
λ
Au (EA=83GPa, νA=0.44)
Al (EA=70GPa, νA=0.35)
Cu (EA=129GPa, νA=0.34)
Fig. 5. The effect of Young’s modulus ratio ðmB ¼ 0:30Þ on weak singularity.
0 50 100 150 200 250 300 350 400 450-0.02
0
0.02
0.04
0.06
0.08
0.1
EA (GPa)
1-
λ
νA=0.20
νA=0.25
νA=0.30
νA=0.34
νA=0.35
νA=0.40
νA=0.45
Fig. 6. The effect of Poisson’s ratio on weak singularity when material B is [100] silicon.
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For a practical application of the H-integral, standardized
numerical formulae for calculating the stress intensity factor for
the specimens considered in this study can be derived. Since Knm
has the dimension of ðstressÞðlengthÞ1km , it is impossible to com-
pare the magnitude of the stress intensity factor for different mate-
rial combinations even if the notch geometry is the same. With the
aim of a quantitative measure of the stress intensity factor for var-
ious materials and applied loads, the following non-dimensionalstress intensity factor (e.g., Labossiere and Dunn, 1999; Carpinteri
et al., 2006) can be used
Ynm
a
w
;
t
t0
 	
¼ K
n
m
6PL
bh2
w1k
ð27Þ
where a, w, t, t0, P, L, b, and h denote, respectively, the bond length,
substrate width, conductor layer thickness, nominal/characteristic
thickness, concentrated force, and span, width and height of the
steel beam (Fig. 4), whereas Y is a shape function depending on
0.4 0.5 0.6 0.7 0.8
0.6
0.7
0.8
0.9
1
1.1
a/w
f(a
/w
)
f(a/w)=0.490*(a/w)(-1.010)
0 0.2 0.4 0.6 0.8 1
0.6
0.7
0.8
0.9
1
1.1
1.2
1.3
1.4
t/t0
g(t
/t 0
) g(t/t0)=0.721*(t/t0)
(-0.195)
Fig. 7. The power function f ða=wÞ and gðt=t0Þ for isotropic Au/Si multi-layered structure.
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t
t0
. Further-
more, we can write
Ynm
a
w
;
t
t0
 	
¼ Ynref  f
a
w

 
 g t
t0
 	
ð28Þ
where
f
a
w

 
¼
Ynm
a
w ;
t
t0
¼ 0:2

 
Ynref
; g
t
t0
 	
¼
Ynm
a
w ¼ 0:5; tt0

 
Ynref
;
Ynref ¼ Ynm
a
w
¼ 0:5; t
t0
¼ 0:2
 	
According to Eq. (28), the results obtained from the H-integral ap-
proach can be ﬁtted to the power function f(geometry) = j(geome-
try)k and g(geometry) = l(geometry)s. The best-ﬁt values of the
parameters j, k, l and s are shown in Fig. 7 for the isotropic Au/Si
multi-layered structure. The detailed values obtained from H-inte-
gral approach and mathematical ﬁt are given in Table 3. Moreover,
the reference geometry we chose here is representative for practical
applications.
Consequently, a standardized numerical formula for the engi-
neering design reads
YnH-integral
a
w
;
t
t0
 	
¼ 1:464 0:490 a
w

 1:010
 0:721 t
t0
 	0:195
ð29Þ
where
Ynref ¼ Yn
a
w¼0:5; tt0¼0:2

  ¼ 1:464; t0 ¼ 1000 nm and
0:5 6 a
w
6 0:74; 0:05 6 t
t0
6 1:Table 3
Fitting of the H-integral solutions for isotropic Au/Si multi-layered structure.
a
w Ynm
a
w ;
t
t0
¼ 0:2

 
Ynref
f aw
 
t
t0 Y
n
m
a
w ¼ 0:5; tt0

 
Ynref
g
t
t0
 	
0.5 1 0.989 0.05 1.304 1.292
0.56 0.869 0.881 0.1 1.109 1.128
0.62 0.779 0.797 0.2 1 0.986
0.68 0.727 0.727 0.3 0.895 0.911
0.74 0.683 0.668 0.5 0.815 0.825
0.75 0.773 0.773
1 0.729 0.721Such relationships can be derived for other material combina-
tions as well.
4.4. Effects of material mismatch, conductor layer thickness, and bond
area on the dimensionless stress intensity factor Y
The aim of this section is to present a parametric study includ-
ing the effect of material mismatch, thin ﬁlm thickness, and bond
area on the singular stress ﬁeld.
Using the geometry, loading and mesh illustrated in Fig. 4 as a
basis, material combinations are chosen relevant to the integrated
circuits industry. The effect of the elastic mismatch on stress inten-
sity factor is investigated here. Alternative conductor layers of cop-
per (Cu), gold (Au) or aluminium (Al) are employed for material A,
see Fig. 2. For the free edge interface (Interface X), it can be ob-
served from Fig. 8 that the structure with a Cu layer yields the
highest dimensionless stress intensity factor Yn1, followed by that
with Au and Al layer. Comparison between isotropic Si and aniso-
tropic Si substrate is also included. Anisotropy of the Si substrate
has a signiﬁcant inﬂuence on the stress intensity factor when com-
bined with an Au or Al metal layer but not with a Cu layer. Unlike
the response of the structure with a Cu layer, the stress intensity
factor for an isotropic Si substrate is lower than that for an aniso-
tropic Si substrate with the other two metal materials. We believe
this is due to the copper and isotropic silicon having similar elastic
constants and single crystal silicon being only slightly elastically
anisotropic (Suwito, 1997). Besides, Au and Al have similar perfor-
mance owing to EAuEAl  1. It is not surprising that the inﬂuence of the
metal material properties and the anisotropy of silicon substrate
on the stress intensity factor for the 90 sharp notch (interface Y)
is insigniﬁcant.
Fig. 8 also shows the effect of thin-ﬁlm thickness on the dimen-
sionless stress intensity factor. In these simulations, the bond area
is kept constant (a = 1.7 mm), the thin ﬁlm thickness equal to 50,
100, 200, 300, 500, 750 and 1000 nm are analyzed. It turns out that
the magnitude of stress intensity factor for interface X approaches
a constant value with increasing the thickness of metal layer. It is
clearly shown that the contribution of thin-ﬁlm thickness needs to
be considered in order to accurately describe the singular stress
state in the vicinity of free edge interface when the metal layer is
less than 300 nm thick. That is to say, the stress intensity factor
is sensitive to thin-ﬁlm thickness in some cases whereas the thick-
ness component can be ignored in considering the dimensionless
stress intensity factor when metal layer is above a certain thick-
ness. On the other hand, the stress intensity factor decreases with
the increasing conductor layer thickness but the variation of metal
0 0.2 0.4 0.6 0.8 1 1.2
0
0.5
1
1.5
2
2.5
3
3.5
4
4.5
5
t/t 0
D
im
en
si
on
le
ss
 
Y
Au/Si aniso
Al/Sianiso
Cu/Si aniso
Au/Si iso
Al/Siiso
Cu/Si iso
Steel/Epoxy for all materials
Interface Y
Fig. 8. The effect of material properties and thickness of metal layer on the dimensionless stress intensity factor (t0 ¼ 1000 nm).
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ﬁeld for Interface Y.
In addition, the effect of the bond width is depicted in Fig. 9. In
this case, the metal layer (Au) remains 200 nm thick ð tt0 ¼ 0:2Þ, the
isotropic silicon substrate thickness is 3.4 mm whereas the bond
width is varied from 1.7 to 2.5 mm. The stress intensity factor for
Interface X clearly decreases with the bond area but change insig-
niﬁcantly for Interface Y.0.4 0.5 0.6
0
0.5
1
1.5
2
a/
Di
m
en
sio
nl
es
s 
Y
Fig. 9. The effect of bond area f4.5. The competition between the 90 notch interface and the free edge
interface
It is of interest to discuss the competition of crack initiation be-
tween the free edge interface (Interface X) and the 90 notch inter-
face (interface Y) in the chosen specimens. The dimensionless
stress intensity factor Y is higher for the former than for the latter
as shown in Fig. 8. But the stress ﬁeld is governed by the combina-0.7 0.8 0.9
w
Interface X
Interface Y
Au/Siiso
Steel/Epoxy
or an isotropic Si substrate.
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tition between notch X and Y this has to be considered. For notch Y,
k is 0.7049, and for notch X, k is an order of magnitude less. In addi-
tion, the fracture resistance for the material at notch X and Y will
differ. Hence, the fracture competition is governed by the set (K
or Y, k, fracture resistance) of notch X and Y, respectively.
4.6. Applicability of the H-integral and existence of the K-dominated
ﬁeld
The proposed H-integral approach is based on the assumption
of anisotropic elasticity with the dominance of a K-ﬁeld. The
asymptotic solution has poor approximation very close to and far
away from the interface corner. Stress singularity at the notch tip
is only theoretically possible as the notch root radius will be ﬁnite,
the material can be non-linear and inhomogeneous. Provided that
the inelastic zone is much smaller than the K-dominated ﬁeld, the
stress obtained from the asymptotic analysis can reﬂect the actual
stress state. The plastic region is controlled by the yield stress. Fol-
lowing the work of Irwin (1960), the plastic zone size is estimated
by Banks-Sills and Sherer (2002) for dissimilar isotropic bi-mate-
rial and by Suwito (1997) for anisotropic silicon. In our investiga-
tion, since the analyses are for linear elastic materials, it is
assumed that the plastic zone size is very small, i.e., small scale
yielding conditions hold at the interface corner.
Far away from the notch tip, the solution is perturbed by ﬁnite
boundaries and loading so that Knm can no longer characterize the
actual stress state and then higher order terms are required to de-
scribe the behaviour. As a result, the asymptotic solution has a lim-
ited domain of validity.
To quantify the extent of the region dominated by the K-ﬁeld
and validate the applicability of the H-integral approach, ﬁnite ele-
ment calculations were performed for diverse material combina-
tions, illustrated in Fig. 10. The stress component rhh along the
interface X is employed. Subjected to the remote load of 200 lN,
the results obtained from the H-integral approach and the detailed
FE solutions agree satisfactorily, e.g., the normal stress rhh obtained
from two methods agrees to 10% within a distance of 52.5 nm for10 0 10 1
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Fig. 10. Comparison of interface stress from asymptotic solutions associated withAl(200 nm)/Si case with 2100 lm bond width. Similar results are
obtained for the other material systems.
Furthermore, a full singular stress ﬁeld can be developed in an
inﬁnite bi-material system. Crack initiation is clearly governed by
this K-dominated ﬁeld. However, this is not always the case for a
multi-layered thin ﬁlm system. The extent of the singular ﬁeld is
strongly inﬂuenced by ﬁnite geometry, such as the thin ﬁlm thick-
ness. It is possible to evaluate the size of K-ﬁeld by comparing the
asymptotic solution to a detailed FE numerical analysis. Consider
an Au layer bonded with a 1.7 mm wide isotropic silicon substrate.
Fig. 11 shows the interface stress rhh from detailed ﬁnite element
analysis with varying metal layer thickness subjected to remote
load of 200 lN. Regarding a 5% deviation of predicted rhh calcu-
lated from the H-integral approach from the detailed FE results,
Fig. 12 further shows the relationship between the valid range of
K-ﬁeld and the thin-ﬁlm thickness for the free edge interface.
The thicker the metal layer, the more extensive is the valid range
of K-ﬁeld for interface X. In contrast to Fig. 10, the valid K-ﬁeld is
much larger for Interface Y displayed in Fig. 13. It should be also
pointed out that even though the metal layer thickness reaches
nanometer scale, the stress intensity factor Knm can still character-
ize the singular stress ﬁeld. The H-integral approach is a sufﬁcient
and effective way to evaluate the interface failure for multi-layered
thin ﬁlm structures, remembering that the selection of the outer
contour should be neither very close to nor far away from the
notch tip. It should also be noted that inaccuracy of the stress
intensity factor can be induced by the numerical approximations
made in the ﬁnite element calculation and by the numerical inte-
gration scheme adopted to calculate the H-integral. It can be im-
proved by generating a reasonable ﬁnite element mesh and
choosing a contour with a reasonable number of integration points,
sufﬁciently far from the notch tip (e.g., Stern et al., 1976; Carpen-
ter, 1984a,b; Banks-Sills, 1997; Labossiere and Dunn, 1998, 1999;
Banks-Sills and Sherer, 2002). It has also been observed that the
choice of the integration path is less signiﬁcant for Interface Y than
that for Interface X.
A failure criterion based on the critical concentrated stress rfc
(Kitamura et al., 2007) has been proposed to characterize the crack10 2 10 3
r (nm)
)
)
k1 and the detailed ﬁnite element results for different material combinations.
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1144 L.Y. Shang et al. / International Journal of Solids and Structures 46 (2009) 1134–1148initiation. It was shown that the slope of interface stress is very
moderate and the stress near the edge is almost constant in the
nanometer (or atomic) range among the specimens with metal
layer (200 nm thick) in the region of r < 500 nm. However, our
study found that an observable stress gradient exists for both
Interface X and Interface Y shown in Figs. 11 and 14. Besides, from
the magniﬁed view of stress distributions near the free edge inter-
face, see Fig. 15, it indicates that the stress gradient is signiﬁcant
for the specimens with metal layers thinner than 100 nm. As a con-
sequence, we believe that the critical stress intensity factor is a fea-
sible and alternative method to correlate crack initiation compared
with critical failure strength for the problem shown in Fig. 3. How-ever, when the thin-ﬁlm thickness is very low and the elastic sin-
gularity may not dominate a region compared to the inelastic zone,
it may be possible that Knm no longer is feasible for fracture initia-
tion prediction. Note that from Table 2, the slope of the stress ver-
sus r curves for this material combination should ideally be
0.0668. Some deviation from this value appears in the slopes in
Fig. 15. This is due to the inﬂuence of the layer thickness and some
inaccuracies, and the ﬁnite element meshes employed to get these
very detailed stress results close to the notch tip.
It is also worth noting that the deformation is actually mixed-
mode for an interfacial notch with dissimilar materials. Interface
shear stress and normal stress for Au(200 nm)/Si case with
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Fig. 13. Interface stress for Interface Y with 200 nm thick metal layer.
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in Fig. 16. Note that the shear stress along the interface is much
lower than the normal stress. Mode I deformation is dominating
in the cases analyzed here. Again, one typical case of Au
(200 nm)/Si was chosen for comparison, as depicted in Fig. 4. Finite
element calculations were performed with the applied load equal
to the failure load 0.6 N (Kitamura et al., 2007). The free edge
fracture toughness attained from H-integral approach is
5.8 MPa m0.067, which matches well with 5:3 0:5 MPa m0.067
from the literature (Kitamura et al., 2007). Therefore, this compar-ison suggests that the critical mode I stress intensity factor can be
used to correlate the onset of fracture at the interface corner.
A possible criticism of H-integral approach arises in that we
have disregarded the possibility of plastic deformation in ductile
metal layer. To check the validity of this approximation, elastic-
plastic analysis was executed to allow plastic deformation in the
metal layer. Taking Au(200 nm)/Si as an example and assuming
the elastic-linear hardening model with a yield stress of 160 MPa
and a hardening modulus of 8.3 GPa. Applying the critical delami-
nation load Pc ¼ 0:6 N from Kitamura et al. (2007) to the specimen,
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Fig. 15. The magniﬁed view (log–log plot) of the stress distributions near the interface edge for the Au/Si specimens.
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1146 L.Y. Shang et al. / International Journal of Solids and Structures 46 (2009) 1134–1148it is observed that no plastic strain occurred in the ﬁnite element
analysis. An explanation for this is that the relatively stiff silicon
substrate and the steel cantilever compared with the compliant
gold ﬁlm restrain the plastic deformation of the metal layer. On
the other hand, given that silicon exhibits no observable plasticity
at room temperature (Lawn, 1995), it is reasonable to assume the
K-ﬁeld is relatively large compared to the plastic zone at the notch
tip. This is further supported by Sinclair and Lawn’s (1972) calcu-
lation, which shows that strong crack tip non-linearities extend
only a few atomic spacings from the crack tip.5. Conclusions
Our study shows that the H-integral is a feasible and a reliable
approach to compute the edge stress intensity factor in multi-lay-
ered structural components with weak singularities. The asymp-
totic analysis provides the basis for a proper modelling of the
singular stress ﬁeld and illustrates the dependence of stress
singularity on elastic mismatch parameters. The stress intensity
factors are obtained for a wide range of material and geometry
parameters.
L.Y. Shang et al. / International Journal of Solids and Structures 46 (2009) 1134–1148 1147A wide range of material combinations which commonly appear
in the integrated circuits industry is considered. The effects of elas-
tic mismatch, bond area and metal layer thickness on the stress
intensity factor have been quantiﬁed. The proposed approach is
favourable from an engineering point of view, due to the fact that
such situations are occurring very frequently in composite struc-
tural elements and it can be used as a supplement for a preliminary
design of new components.
Furthermore, the analysis of the competition for crack initiation
between a free edge interface and a 90 notch interface in the cho-
sen specimen has been presented and the question of prevailing
failure mode in multi-layered structural components is addressed.
Due to the possibility to shift the crack initiation site between two
different notch interfaces, sufﬁcient attention should be paid to
this issue.
The applicability of the H-integral approach and existence of the
K-dominated ﬁeld has been studied. The extent of the singular ﬁeld
is assessed by comparing the asymptotic solution to the detailed
Finite Element analysis of the stress ﬁelds. It is observed that the
valid range of the K-ﬁeld is strongly inﬂuenced by thin-ﬁlm thick-
ness. The relation between the K-ﬁeld and thin-ﬁlm thickness is
depicted as well. Again, to demonstrate the accuracy of this con-
tour integral approach, example problems are considered and re-
sults are in good agreement with those from the literature.
In addition, plastic deformation in the ductile material, anisot-
ropy of the silicon substrate and different failure criterions have
been explored. Standardized numerical formulae have also been
provided to for practical application of the H-integral.
Note that the grown of thin interlayers between the Silicon sub-
strate and the steel cantilever is not considered in the present
study. This hypothesis results in perfectly bonded interfaces,
assuming no relative displacements between each other. The valid-
ity of this hypothesis deserves further discussion (e.g., Sinclair,
1996; Carpinteri and Paggi, 2008).
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